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The endogenous growth theory has provided sevatieeisting results about the impact
of fiscal and monetary policies on long-run ecormgrowth. Concerning fiscal policy, standard
endogenous growth models show the existence ofeshbld in the taxes to long-run growth
relation, in link with the pioneer work of Barro940). Concerning monetary policy, most of
theoretical results in endogenous growth modelg. Alogoskoufis & Van der Ploeg, 1991,
Wang & Yip, 1992, Jones & Manuelli, 1993, or Pabw Yip, 1995) conclude that it is harmful
or at best neutral in the long-run, as in exogengnsvth models. Empirical work is less
conclusive (see.g Levine & Renelt, 1992 and Barro, 1995). Recentkvgeems to confirm the
existence of a negative correlation between imffagind economic growth, but only for high-
inflation countries, which may suggest that thatieh between inflation and economic growth
is nonlineat. In addition, recent econometric results exhibieshold effects of inflation on
growth, confirming the nonlinear relation betweean®tary policy and long-run growith

The goal of this paper is to provide a theoretioaldel that reproduces these threshold
effects in both monetary and fiscal policies, as thsult of optimal choice of government
finance strategies. Few papers deal with the opfoolicy mix in terms of long-run growth and
welfare. One very interesting paper is Palivos & Yi1995), who develop an endogenous
growth cash-in-advance (hereafter CIA) model. lairtimodel, the ratio of public spending to
GDP is exogenous, and both flat-rate taxes andigeage weaken long-run growth. The best
strategy for growth maximization is to finance paldpending by seigniorage only. Concerning
welfare, results essentially depend on the shapeiwdte investment that is subjected to the CIA
constraint: if this share is small enough, goveminstould use a mix of taxes and seigniorage,
while it should use seigniorage only if this sherdarge. Therefore, if a large part of private
investment is money-constrained, maximizing long-reconomic growth and/or welfare
requires seigniorage-only financing, with zero taxe

However, these findings are somewhat question&dist, Palivos & Yip (1995) do not
exhibit any threshold effects of monetary or fispalicy, when empirical evidence suggests
such effects. Second, the fact that maximizing ginofand a large range of maximizing welfare)

strategies impose seigniorage-only financing ikeatbothering, as developed countries use

We are indebted to A. d’Autume, J.-B. ChatelainCdnley, J. Feigenbaum, R. Dos Santos Ferreirghatak, H.
Kempf, H. Kim, M. Knud, G. Monteiro, K. Neanidis,. Surnovsky, J. Weymark and patrticipants to the PET
(Nashville), EEFS (Sofia), AFSE (Paris) and IIPRgRos) conferences. Errors are, of course, solel o

! For example, Thirlwall & Barton (1971) identify gitive effects of below-8%-inflation on growth anedgative
ones above 10%. Gylfasson (1991) associates higltigrcountries to inferior-to-5%-inflation and logrowth
countries to inflation above 20%. Sarrel (1996déira breakpoint in the inflation-growth relationatout 8%.
More recently, Adam & Bevan (2005) underline thddheffects in both monetary and fiscal policiesieault
consistent with our model.

2 Among these studies, see Bullard & Keating (1988)yd, Levine & Smith, (1997), Bruno & Easterly @),
Kim & Willett (2000) and Adam & Bevan (2005).



little or no seigniorage, while this resource s#linains an essential way of government finance
for low-developed countri@sThus, it would be interesting to have a model tfizes account of
this difference and in which the level of seigngeas optimally chosen by authorities, with
respect to structural economic indicators. Thifge bptimal inflation rates resulting from
seigniorage-only strategies are “stratospheric” ddmissible parameter calibrations. Even if
some countries temporarily launch into inflationdiyance, one may doubt that this is an
optimal way to maximize long-run economic growth.

In this paper, we try to offer some answers to eéhgsestions, in the spirit of Palivos &
Yip (1995). To deal with threshold effects of margtand fiscal policies, we consider a model
with productive public spending (in line with Bayrd990). Similarly to Palivos & Yip (1995),
we first introduce money demanth a CIA constraint, but we consider that only partrafney
supply (“high-powered money”) can be used for gowent finance. Effectively, in developed
countries, most of seigniorage is retrieved by giBvbanks, and only seigniorage on the
monetary base is appropriable by the central b@ihkn, we interpret the “money multiplier”
(namely the ratio of the total stock of money tghhipowered money) as an indicator of
financial development.

Using productive public spending, our model produtteeshold effect between fiscal
policy and economic growth, as in Barro (1990}h# CIA constraint affects consumption only,
no threshold effect characterizes the link betwea®metary policy and long-run economic
growth, since seigniorage unambiguously increasastf). This positive effect comes from the
fact that seigniorage is similar to a flat tax rateconsumption. With a CIA constraint on all
transactions, on the contrary, an inflation taxtalis private capital accumulation, and the
model exhibits threshold effects between seigneragd economic growth, in line with non-
linearities described by the econometric literatomethe topic. In this case, we obtain threshold
effects in both fiscal and monetary policies, whiatiuce seigniorage and tax ceilings and allow
precisely comparing the long-run effects of these ways of government finance. We show
that the maximizing-growth and/or welfare strategaee always corner solutions, with only one
active instrument, but depending on the “finandievelopment” indicator. Countries with large
financial sector must choose tax-only strategidsleness financially developed countries must
choose seigniorage-only strategies. These resudisvalid for both growth and welfare

maximization, although the associated strategiesod@erfectly correspond.

% In a cross-countries study, Cukiermanakt(1992) find that seigniorage represents betwe@#bland 28% of
total government revenues. Basu (2001) providesesimteresting references on the hypothesis thanggage
could be an important source of public infrastroetiinance.
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However, the absence of an interior solution fawgh or welfare maximization is a
quite unrealistic feature. Consequently, we sligmlodify the model by introducing a more
general form of money demand based on “transact@ts”. In this more general framework,
money demand becomes interest elastic and the n®deéle to produce interior solutions for
long-run growth or welfare maximization, while peegng the key role of financial
development indicators in assessing growth andétiane maximization strategies.

Section one presents the model, section two aralgz€lA constraint on consumption
only, while section three develops the CIA constrain all transactions. In section four, we
introduce a more general money demand and highiighexistence of an interior solution, and

section five provides some empirical evidence.
1. The model

Our model depicts a closed economy with three iidfiyrlived agents: a producer-
consumer representative household, government ametary authorities. The representative
household maximizes the present value of the digedusum of instantaneous utility based on

consumption ¢ >0), with p >0 the subjective discount rate:
U =J'u(q)exp(—,ot)dt (1)
0

To obtain an endogenous growth path, we assumealassic instantaneous utility function:

S ([ \
)= S——l((ct)s 1), for S#1

Log(c, ), for S=1

(2)

For intertemporal utilityU to be bounded, we also must ensure }héS-1)/S<p,
with y, the long-run growth rate of variable.* Output(y,) is created with private capiték, )
and productive public expenditur(egt) , With 1/2< a < 1 output to private capital elasticity:

Y =k g™ (3)

Population is normalized to unity, so that all whies are per capita variables. Public

expenditures enter as a flow in the production fiencand no congestion is present, so that this

* This condition corresponds to a no-Ponzi gametcains, Y. <r.
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function is comparable to Barro (1990The representative agent budget constraint iseah
variables (a dot over a variable denotes its tienivdtive):

k +y =(1-7)y, —¢ ~ & ~7Zm +x, (4)

We assume a flat tax rate on outp(ut). Households use their (net of tax) income
((1-7)y,) to consume(q), invest(z = k +Jk), with & the private capital depreciation rate,
and pay taxes. The stock of real balancesyis M,/ R, with M, the stock of nominal money
and P the price level.7z =P /P is the inflation rate, so the real stock of modepreciation

per unit of time is;m, . Finally, households receive a lump-sum transfefirom banks.

To motivate a money demand, we introduce cash-in-advanceconstraint on
consumption and/or productive expendituiies private investment plus public spending

G+o(z+g)=m (5)

Parameterg allows studying two cases: ¢=0 for a CIA constraint on consumption
only, andii) @=1 for a global CIA constraint on all transactidns.

Let us look more precisely at the monetary sidehef model. The nominal stock of
money (Mt) is supplied by the banking system (since the Chstraint motivates a
transaction demand for money, we may consider fancludes all means of payment: cash
balances and deposit accounts). Monetary auth®gie an exogenous nominal stock of high-

powered moneja) , and we suppose that money supply is linked tb-pigwered money by a

standard “money multiplier(1/h>1): M, = (1/h)B,. Coefficient h depends on the ratio of

banknotes to the nominal stock of money and on lvas&rve requirements, which we do not
model explicitly® Equilibrium on the money market will determine theice level

P =M,/m = B/ hm. Thus, in our model, “money” used in transactionsst be distinguished

® Condition 0 < a <1 ensures the existence of a competitive equilibyisimce 0, is exogenous for households

and the production function exhibits decreasingrret to scale. On the contrarg, will be endogenously obtained

in equilibrium, and production will exhibit constareturns, a necessary condition for a constanvir@ath in the
long run. Conditiona >1/2 allows obtaining positive ceiling for the moneywth rate (sesection 3below).

® Appendix 4shows that with a CIA constraint on consumptiod private investment only (a case first studied by
Stockman, 1981, in an exogenous growth setup) doegualitatively change the model. Including patsipending
in the CIA yields a simple money demanai= y in equilibrium, which simplifies calculations. Wessume a
strictly positive interest rate, so that the ClAstraint holds as equality.

" Palivos & Yip (1995) study thé)< @<1 case, but we cannot obtain simple analytical tesioir (pD(O,]),
although simulations show that our main resultsgaaitatively unchanged (s@gpendix 4.

8 A little more structure could be easily introdudadhe model, by considering as in Englund & Swems(1988)
or Hartley (1988), two types of goods: “cash goods’be paid with cash reserves and “check goodsthvneed
bank deposits. The money multiplibr would depend on the relative weight of the twodpin total consumption.
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from “high-powered money” which provide seigniordge government finance. In developed
countries, most of money is generated by privatgkbaand the stock of money which serves
for transaction (the one included in the CIA coaistt) is much larger than the stock of high-
powered money. Therefore, it should be unreasortabéssume that all seigniorage on money
is collected by monetary authorities. Coefficigntmay be analyzed either as an indicator of
“financial (or banking) under-development” or asiadicator of “financial repression” (since
there is a strong positive association betweennéilg repression and low financial
development, as emphasized by Haslag & Koo, 1999).

We are interested in monetary policies that seexpgenous stock of high-powered

money growth rate(l\/'lt/Mt =B/B = a)). Monetary authorities receive seigniorage on high-
powered money (in real variablesB, P £ hwm) and transfer it to government, which builds
its resources not only from taxes on outbwt) but also from seigniorage:
G =7y +hwm (6)
Relation (6) departs from the Barro (1990) budgetstraint g, = 7y,, since seigniorage

can be used for government finance, as in Palivd8p&(1995). Finally, to close the model, we
suppose that the banking system transfers to holgsethe (lump-sum) real value of “private

seigniorage”, = (1-h)wm.

Steady-state equilibrium

The representative agent maximizes (1) subject2de(3)-(4)-(5), k, given and a

standard transversality condition (ségpendix 1for details). Using intensive variables:

c.=c/k, m =m/ k and g, = g/ k, we find the steady-state endogenous growth swiuty
imposing ¢, =m, = g, =0, which implies constant values af, m and g,, so that initial
variables €, k, g, m) grow at the same constant rgte Appendix 1shows that steady-state

solution can be depicted by two relations betwgesnd g, :

_gl AW-T)GT o )= o s
y—SLw(ws(y)) J p] th s(y)=p-pS-1)/s (7)

_ (r+ha)gi” —hal1-g)(y +9)
“ 1+ haf(1- @)

(8)

% It should clearly appear that we introduce cofit h to take account of the fact that only a part ef tinflation
tax” perceived by the banking system may be usefihamce government spending (that is, the inflatiax on
“money base”: banknotes and bank reserves).



Equation (7) is simply the Keynes-Ramsey relatiosteady state¢/c=y = S( r-p),
with r the real interest rate. If the CIA constraint eféeonly consumptior(wzo), the real
interest  rate correspond to  the net  return of  peiva investment:
r=(1-7)f (k)-d=a(1-7)g;? -J. If investment is money-constraindg>0), the return
of private investment must be deflated by the @matisn cost on new capital goocﬂ$+ goR)

where R is the nominal interest rate aft= w+ r—m/ m=w+ r-y=w+ s(y) in steady-state.
Equation (8) comes from the government constrait \ith the real balances stock

from the CIA constraint (5)m, = ¢, +qa( g - q) , with ¢, = g™ - g, —Jd -y in equilibrium.
Steady-state solution corresponds to the intesedt (7) and (8), which simultaneously

provide the long-run growth ratgy) and the long-run endogenous public spending teafei

capital ratio(gk). Appendix 1shows that there are only jump variables in theadyic system

governing the economy, thus, whatever th@alue, the model lacks any transitional dynamics

and variables instantly jump to theirs steady-stataes (seédppendix Sor a formal analysis).

We distinguish two cases, according to the fornthef CIA constraint: a constraint on
consumption only(¢=0), and a constraint on all transactiof@=1). Thus, our model

involves two differences compared to Palivos & Yii©95). First, we do not consider the

0< @<1 case (howeverppendix dextends our main results to this case), becauseisieto
focus the analysis on the role of the financialedepment indicator(h), without making the

model complex. Second, Palivos & Yip (1995) consigxogenous unproductive public
spending which represent a fixed percentage of Giliile we are interested in endogenous
productive spending, as in Barro (1990). One caainlPalivos & Yip results in our model by

considering an exogenous stream of public spengjng

2. A CIA constraint on consumption only
With a CIA constraint on consumption onlwzo), we obtain, from the total
differential of system (7)-(8):

dy _ ahS(1-a)(1-7) g
dw [whaS(1-1)-(r+ w)|(1-a)+(1+ ) ¢

(9a)

with dy/da >0 on the sufficient conditios < S = (r + hw)/[ahafl-7)], which we suppose.



Any increase in the money growth rate unambiguoteles long-run economic growth.

As a corollary of this result, long-run growth igler than the Barro (1990) solution without

seigniorage. Effectively, without seigniora@lazo), productive public spending i§, =7"°

(the Barro solution). With seigniorage(h>0), it becomes, from (8) withg@=0:

O :[r+hamf</(g;)l_”]lm >(,, for positve m, g, and « (the star denotes steady-state
values). Therefore, using seigniorage provides nmresources for productive government
expenditures that are long-run growth enhancingthEumore, the inflation-tax has no effect on
capital accumulation, since the CIA constraint @8e consumption only. Consequently,
seigniorage is similar to a flat-rate tax on conptiom, thereforalwaysgrowth enhancind’

To assess the effect of taxes on long-run growéhproceed by a similar way. From the

total differential of system (7)-(8), we obtain:

dy _ ~aSg™ (1+ w)| d -(1-a)] (9b)
dr  (1+hw) g/ +(1~a)| hwo 1-7) -7~ W]

Thus, the capital rati@, =(1—a) corresponding to the long-run growth maximizing-
tax rate is the same as Barro (1990). From thergovent budget constraint (8) we extract the
maximizing-growth tax-rateérM ) ;

r™ :glf—ha)[glk“’—gk—y—é] d'=1-a-tw(d § <1-a (10)

If hw=0, the maximizing-growth tax-rate isr® =1-a, as in Barro (1990). If
governments use seigniorage to finance public ekpees, on the contrary, the maximizing-
growth tax-rate is lowerr" <r®. Effectively, since the capital ratio corresponplto the long-

run growth maximizing-tax rate(gfj’ =(1—a)) is the same as Barro (1990), with money

financing the growth-maximizing tax rate will be alter than without. The terrha)(c/ y)* in

equation (10) represents the additional chargeigeovby money financing.

To resume, withp=0, there is no optimal mix of government financenira long-run

growth perspective. Since seigniorage is alwaysvtirenhancing and there is a ceiling for
taxes, growth-oriented governmetitshould use large seigniorage rates, or even monky-
financing strategies. However, these findings arestjonable, since an important number of

countries collect theirs resources mainly from sa¥airthermore, empirical evidence shows that

1% This result meets numerous works in endogenousitranodels without leisure, showing the benefits of
consumption taxes rather than taxes on outpuipiiradlize capital accumulation (seeg. Turnovsky, 1996).
1 We study inflation and welfare in the followingcsien.
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inflationary finance gives rise to a “Laffer curvef seigniorage, thus revenues that can be built
from an inflation tax are limited. Finally, many@ed studies report threshold effects in the
relation between money growth (or inflation) andoremmic growth. To reproduce these

evidences, we introduce a generalized CIA congtrain
3. A generalized cash-in-advance constraint

To obtain threshold effects in monetary policy, meoduce a CIA constraint on private
investment. We also impose the CIA constraint oblipuspending, since the model with a
generalized CIA constraint is simpler than a madéh a constraint on consumption and private

investment only, without any qualitative changee(dppendix 4. If ¢=1, equation (8) does not

depend ony, and we directly obtain the public spending toitzdpatio:
g, = (7 +hw)" (11)
Reintroducing this value in (7) yields an implisation for long-run economic grow(ty*) :
(v /1s+6+pfi+w+sy )= ali-1)r + ha) (12)
Relation (12) is a second degree polynomialyin with generally only one positive

solution*? We first outline analytical results fd8 =1, then we present numerical simulations

for the general cas8 #1, showing that our analytical results are quairelti unchanged.

In theparticular case S=1, equation (12) reduces to:

a(1-7)(r+hw) o
1+w+p

y*:y*(rla))z -0-p (13)

Relation (13) clearly exhibits a threshold betwesmney and long-run economic growth.
Effectively, any increase in seigniorage is devdiggroductive public expenditures that are
growth-enhancing (numerator of (13)), but suchrammdase simultaneously raises the financing
cost of private investment, which is harmful to demun growth (denominator of (13)). The

trade-off between these two effects, illustratiigttproductive public spending crowd out

2 Relation (12) can be writtefly )" +By +C=0, where B= g1+ w+ p)/(1-S)+ 3+ p|, C=AS/(S-1)
and A=a(1-7)(r +hw)* ™" —(5+ p)(1+w+ p). This polynomial has two rooty :(— B—\/ﬁ)lz and
A :(—B+\/ﬁ)/2. As we shall see, a necessary condition for thevdr rate to be positive i§=1 is: A>0,
that we suppose. IE<1 then C<0, and ), is the only positive solution. I§>1 then C >0 and a sufficient
condition for ), to be the only positive solution 8 <1+ (1+ w+ p)/(5+ p), that we also suppose.
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private investment, results in a ceiling far, say @w. We compute this ceiling using the first
order condition for the maximization of (13):

oy (r,0) e = (1-a)h(1+p)-ar
0w h(2a -1)

(14a)

Notice that this “Laffer curve” of seigniorage reguces numerous empirical evidences
describing a non-linear relation between seignieray inflation}* and growth (sefootnote ).

As in Barro (1990), our model also exhibits an med-U curve between fiscal policy
and long-run growth. The growth-maximizing tax-réfe) is independent o5 and can easily
be computed from either (12) or (13):

oy (r,w)
or
As in the previous section, this value is lowemthle Barro’s one, ihw>0. With a

=0=>T7=1-a-ahw<1l-a (15)

CIA constraint on investment expenditures, conttaryhe previous section, the public capital
ratio corresponding to the tax rate that maximaesnomic growth igy =(1-a)(1+ hw), and

differs from its value in Barro (1990). Effectivelyp maximize economic growth in (7), the tax

rate must obey to the following relation:
_g +(1-a)(1-7) g 9% =
g ¢ +(1-a)(1-7) g il (16a)

The first term represents the marginal cost oftitaraand the second term its marginal

benefit (the income tax provides resources for petide public spending). In the government
budget constraint (8) witp=1, we find: dg, /dr = g,”* / a, thus (16a) becomes:
-a+(1-a)(1-7)g" =0 (16b)
Without seigniorage, as in Barro (1990), the goment budget constraint is simply:
o7 =7, and we find the maximizing-growth tax-rate® =1-a. With seigniorage, on the
contrary: g; =7+ hw, and the marginal return of taxes is lower thath@ut money in relation
(16b), which explains both why the public capitalio g, is higher than the Barro’s one and

why the growth-maximizing tax rate must be lowarthn a model without seigniorage.
However, observe that relations (14a) and (15)faeaesult of growth maximization by

only one instrument, keeping the second given.dfoensider simultaneous changes in the two

instruments in order to maximize economic growthe wmust verify not only first order

conditions but also some second order conditions.

13 Generally, the long-run inflation raten= w— y) positively depends on seigniorage.
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For an interior solutior(?,c?)) to exist, first order conditions must be simultansy

respected. From (14a) and (15), we find immediately (and only one) maximum candidate:

= (1-2a)+ah(1+ p) and _a-h(1+p)

1-a h(1-a) a7

S

Nevertheless, the(?,c?)) couple never is an optimum, since second ordeditions are not

fulfilled (seeAppendix 2 On the contrary, thgy =y (r,a)) curve forms a “pass” at this point

as shows-igure 1

Figure 1 — Long-run economic growth rate as a fiorcof r and w'*

N

N\ 4
RO
\\\\\\\\\\\\\

In the absence of interior solution, let us focus aorner solutions. To derive some

graphical resultsfigure 2 depicts economic growth contour lines in t(rea)) plane, namely

combinations of the tax and money growth ratesitgpb a similar long-run growth rate.

4 Al along the paper we use, unless otherwise atdit, simulation valuesS=1, a =06, p=0.1,
0 =0.05and h=0.5. We confirm that results are strongly robust taraes in parameters.
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Figure 2 — Contour lines of economic growth asction ofr and w

X

In Figure 2 arrows indicate that long-run economic growthréases® For a given

money growth rate, sagy, any increase in the tax rate raises economic ty;awp to the value
T(%) (the TT line onFigure 2. Beyond this point, economic growth is negativighked to

the tax rate. Thus, iso-growth curves present ebiotal tangent on the TT line. Similarly, for a

given rate of the income tax-rate, sgy, any increase in seigniorage raises economic growt
up to the valuecT)(ro) (the WW line onFigure 2. Beyond this point, money and economic

growth are negatively related. Hence, iso-growthves present a vertical tangent on the WW

line. Thus, we can split th@r,a)) plane in four regions. IRegion lhigher tax and/or money

growth rates lower long-run economic growth.Region 2on the contrary, they induce higher
growth rates. In these two areas, the instrumeaetsubstitutes: the same economic growth rate
can be achieved by increasing (respectively deirgasaxes and decreasing (respectively
increasing) money creation. On the contrary,Regions 3and 4 the two instruments are
complementary: to reach the same economic growte, rgovernment must increase
simultaneously income-tax and seigniorage, sinca@unic growth depends positively on taxes
and negatively on seigniorageRegion 3 with reversed properties Region 4

5 Observe that the slope @ﬁ(r) is higher than the slope Gf(a)). Figure 2is established for sufficiently high

values of h, namely h>(2a—1)/[a(1+ p)] otherwise the two curves intersect for negatiadues of w,
however without qualitative change in our findings.
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As one can easily remark Figure 2 P point is not an optimum. Two local maxima
may eventually emerge iRegions 3and 4 for negative values of the instruments, which we

exclude. Thus, we look for corner solutions subjecton-negativity constraintg >0 and

w=0. Such corner solutions provide two growth-maximigicandidates(0,&) and (7,0),

namely the tangency points between the highestoooiine and the axig =0 or w=0.

Choosing between these two maxima is a matter @inpeter values. In the first cas® (point

in Figure 2 we obtaint =0 and w= &= (1- )1+ p)/(2a -1), and the related growth is:

iy 20 -1( h(1-a)1+ p)j‘l‘”””
O, = -0- 18
y'(0.&) 1+p( ] P (18a)

In the second casé)( point inFigure 2, w=0 and7 =7 =1-a, and the long-run growth is:
)(1—0/)/0/

y'(t0)= a*i-a -0-p (18b)

1+p
Either the(0,&) point or the(7,0) point may be the global maximum fet =y (7, w),
: R s A = = 1 20 1-25 | H(1a) .
since: y'(£,0)>< )" (0,&) = h<>h, with h =1+—[a (20 -1) J . Therefore, if the
Yo,
money multiplier is Iarge(h<ﬁ), matching an important seigniorage flight from tentral
bank to the private banking sector, the optimal wifinance for a growth-oriented government
is an “income-tax only strategy”, while a “moneyyastrategy” in countries with less developed

financial sectors(h>ﬁ). This result generalizes Palivos & Yip (1995) mipde which the

maximizing-growth strategy always implies a moneyyctrategy, because=1.

In thegeneral case S#1, the tax-rate ceiling is unchanged, as we have. SEee total

differential of (12) withdy/ dw= 0, defines an implicit relation for the money growetiling:

(1-a) h[1+ s(y* )] -ar

T 2a-0)n

(14b)

wherey’ = (@,7) is defined by (12). Notice that (14a) and (14lg) identical if S=1.
Table 1lreports some simulation values for the three @aler equilibriaO, P and Q,

for different values ofS andh. In each case, the values of income-tax and se@pye rates are
computed using relations (12) and (14K). point is such thatw=0 and 7 = a . Money

growth rates associated 8 and Q points respectively are obtained by replacinghese

relations the tax rate with its relevant valuex(1- a — ah« , respectivelyr =0).
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Table 1 — Maximizing-growth candidates

S=0.5 S=1 S=1.5
h=04 | h=08 | h=04| h=08 | h=04 | h=08
r=1-a 0.4 0.4 0.4 0.4 0.4 0.4
O point w=0 0 0 0 0 0 0
14 1.28% | 1.28% | 2.77% | 2.77% | 4.52% | 4.52%
T=T 0.164 0.80 0.16 0.82 0.156 0.85
P point W=7 0.98 | -0.84 1 -0.875 | 1.02 | -0.93
y 0.63% | -1.32% | 1.31% | -3.32% | 2.04% | -6.79%
r=0 0 0 0 0 0 0
Q point w= 0 2.22 2.31 2.2 2.2 2.18 2.08
1% 0.83% | 5.54% 1.7% 11.5% | 2.61% | 18.01%

These findings show that the global maximumyof y (7, w) is still either the(0,d)
point or the(f,O) point, depending on parameters, and especiallthervalue of the money

multiplier (h) In Table 1 if h=0.4, the optimal government finance strategy is aonme-tax

only strategy, while it swings to a seigniorageyostrategy ifh = 0.8, confirming our previous
results forS=1. Figure 3illustrates these two typical situations.

Figure 3 — Contour lines of economic growth asmction of 7 and w

h=0.4 h=0.8
3 3

These results are robust to changes in parameteali:simulations we performed, one can find

long-run growth maximizindh values leading to opposite structure for goverrtrfiaance.

Welfare analysis

We are exclusively interested in “second best"favel issues, in which a benevolent
government chooses an income tax and a seignioadgé¢hat maximize households’ welfare in
a decentralized economy. This solution is differfeotn the “first best” solution, which requires

i) lump-sum taxationji) eliminating the opportunity cost of holding mondyy adopting a

13



Friedman-like rul®: w=-p+(S-1)y/ S. Under these two set of policies, the rate ofrretf

investment is not distorted by the type of governirinance, and the first-best economic

growth rate is:y*™ = S[a(l—a)(l_”)/" ~(o+ p)} This first-best solution corresponds to what a

central planner would obtain by maximizing housdibutility (1), under the aggregate budget

constraint (4+6), money market equilibrium and thedinition of the financial transfe(x).

Indeed, for such a central planner, the relevadgbticonstraint is thiS equilibrium and the

CIA constraint is ineffective if the nominal intsteate comes to zero. Thus, the central planner
directly chooses the ratio of public spendigg=(1—a)””, as in Barro (1990), and the first-

best economic growth rate or intertemporal weltam@ independent of the policy mix. On the
contrary, under a second-best strategy, househwaamize utility in a decentralized economy

and government chooses-postthe rates of taxes and seigniorage that maximeéave.

To assess intertemporal welfare, we perform soalgy analysis Appendix 5shows
the absence of transitional dynamics in our mosiehjlar to Barro (1990) or Palivos & Yip

(1995). Thus, we can express intertemporal welfare a very simple form, with:

& =k[ ds' = Go=I-V |, G =(7+hw)"" and)’ defined in (12):

S , s NE=AN S .
U= S—_l(co) [,o—y( S H +p(l—$ if S#1 19)
[Log(c)+y Ip]lp if S=1

It is rather difficult to derive analytic optimabiues of taxes and seigniorage, but simulations

clearly show that welfare-maximizing optimal sotutts are still corner solutio's Moreover, as

in Figure 4 the optimal couple switches fro('ﬂT,O) if financial development is highh(=0.4 in

Figure 4) to (ch) in low financial development countrieb € 0.8 in Figure 4)

%1f S=1, we find the Friedman (1969) rule strictly speagj((mu: —,0) . But, in a context of positive long-run

growth, the nominal interest rate does not coneeto whenw = —,0, unlessS=1.
" palivos & Yip (1995) obtain an interior solutioorfwelfare maximization if0 < @< 1, a result that our model
also produces. In the next section we proposetarion solutionfor economic growth and welfaeven for@g=1.
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Figure 4 — Contour lines of welfare as a functidrroand w

h=0.4
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The tax rate that maximizes intertemporal weltahen w=0 is the one that maximizes

economic growthf =7 =1-a, as in Barro (1990). On the contrary, the seiggerrate that

maximizes intertemporal welfaré&)) when 7 =0 is different from the one that maximizes

economic growth &) . Effectively, if S=1 for example:

d_uzg{id_cu_ld_q:_l h[(l—a)—w(hw)l-m+(_1__1jd_y* (20)
dw p|G dw p dw] p a G P &) @

Putting w=&=[1-a)1+ p)/(2a -1) (thus dy’ /dw= 0 in (19), remark that welfare is not

~\l-2ala
maximized, since0|£ =[(2a-1)-h(1+p) ] h(1-a)(h) ><0if he>2871
dal,,, a(2a-1) pc,, 1+ p

Thus, the money growth rate maximizing intertempar@fare may be higher (ih is
small) or lower (if h is high) than the one that maximizes economic gnoWwonsequently,
there may be a wedge between maximizing economisvthr and maximizing welfare.

Effectively, the ceiling value ofh which corresponds to a switch in growth-maximizing

strategies(ﬁ) differs from the ceiling value corresponding tewitch in welfare-maximizing

strategies (sayﬁ). Simulations show in particular that<h. Thus, if h<h, maximizing
growth and welfare strategies require using taxdg, and if h>ﬁ, these strategies involve

seigniorage only. But for intermediate values ofificial developmenh < h< ?1, maximizing
economic growth requires a seigniorage-only cosmution with no taxes, while maximizing

intertemporal welfare requires the opposite cosmution with taxes-only and no seigniorage.

In our simulations, these undesirable feature afiseh betweenh =0.44 and ﬁ =0.52.
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Beyond the existence of possible switches of cosotutions for the maximization of
welfare relative to economic growth, “bang-banglusons that our model exhibits, depending
on the value of the money multiplier, raise twooasated questions. First, most countries adopt
interior solutions for government finance, with lbadeigniorage and taxes. Second, corner
solutions with seigniorage only conduct to incrégibigh money growth (and inflation) rates,
even if they may characterize some extreme sitgtim which governments resort to
inflationary finance. Both questions are closeliated to the absence in our model of interior

solutions for maximizing economic growth and wedfar

An interior solution would eventually arise in amcooperative game interpretation of
our model, if a government and a central bank demelously try to maximize economic growth
by choosing their own policy instrument (respedtiibe income-tax and the seigniorage rate).
In such a non-cooperative approach, first orderditmms (14a) and (15) would provide
“reaction functions” for the government and thetcarbank respectively, and Nash-equilibrium

would be theP point, namely an interior but sub-optimal solution

Another way to generate interior solutions is tpase that economic growth is not the
only goal of policymakers. If there is a trade-Joéftween inflation and growth, for example, the
plausibility of corner solutions without taxatiomnishes, because seigniorage directly causes

inflation. Starting from 7z =w-J,, the absence of transitional dynamics implies et
inflation rate is always constantf = w-y (a), r). Thus, the income-tax threshold on inflation
is identical to the one on economic grow(lzT:1—a—aha)), while seigniorage always

increases inflation (sinced7r/dw=1-0y(w,7)/dcw>0 for admissible parameter values).

Consequently, to minimize inflation one must adtipe instrumentsw=0 and 7= +a.
Therefore, if governments are interested in botmenoc growth and inflation, optimal solution
can be either a corner solution without seignioragen interior solution, depending on the

relative weight of the two objectives in the goveent loss functioff.

Nevertheless, it would be interesting to benefitaomodel that directly produces an
interior solution for government finance as a resfileconomic growth maximization only. Let

us now slightly modify our model in this perspeetiv

81 h>h, economic growth is maximized i@ point, while inflation is minimized irO point. Thus, there is a

trade-off between inflation and growth, and theimpt solution of this trade-off will generally bendnterior
solution, which depends on the relative weighttheftwo objectives in the government loss function.
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4. A modd with transaction costs

In this section, we show how our model can exhahitinterior solution for government
finance, if the transaction technology is modifiéwdl,line with Feenstra (1986) technology.

Suppose that, instead of the CIA constraint, aligactions, (including consumption, investment

and government expenditures), are subject to asaetion costT =T(q +27+ g, m) and that

money provides “liquidity services”, by reducingeth. For the representative household, the

transaction cost affects consumption and investrdenisions, since public spending is given,

but in equilibrium transaction costs depend on meeeT =T(y, m), with usual properties
T,>0,T,>0,T,<0, T, >0 (see Feenstra, 1986). We suppose an isoelastitdan
T(y, m)=¢ y, where:y Eg(ijﬂ (21)
H{m

where @ is a positive scale-parameter, ensuring “smadlhsaction costs. In equilibriurﬁ,(.)

express that a fractiogy D(O,l) of output is “lost” in the process of financiaténmediation (in
line with Pagano, 1993 and Roubini & Sala-i-Marti®95). This fraction is inversely related to
the ratio of real balances to output ( y; ), since money provides “liquidity services”. Astire

CIA model of the previous section, it is essentiedt investment expenditures are subject to
transaction costs, so monetary policy affects ehpitcumulation in the long-run.
The model of the previous section is a special cdgbe technology (21), since (21)

gives rise to a CIA constraint whem — «.*® The advantage of (21) is that it is more general
-1
and yields an interest-elastic money demand fsggendix 3 m =@y ( R)wx = r{ Y, R]

with ¢ =6""* If y=1 (as in our simulations below) for example, the dach for real

balances joins usual empirical evidences, withremome elasticity ofl and a nominal interest

rate elasticity of-0.5.

Appendix 3solves this transaction costs model for the gémmsae(S#l). If S=1, we
obtain a simple analytic expression for the long-rate of economic growth:

a (1_ T) |:T + ¢hC()(C()+ p)—l/(1+,u):| (1-a)la
)/1/(1+/1)

y = —0-p (22)

1+¢(w+p

1/ u Upu
" g 1 1 1 1
¥ writing m = {¢—} y.» We uselim (—j =lim [exp(— Log(—jﬂ S 1,thusm - ,.
T(v.m) # we\p) el
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which corresponds to relation (13) gf - o (¢ =1 in the CIA casey - «). The model can

henceforth produce an interior solution for growatid welfare maximization, as kgure 5

Figure 5 — Economic growth and welfare contour $irgs a function of and w

Economic Growth W elfare

0.34 0.36 0.38 0.4 0.42 0.44
T T

For simulation valuesS=1, a =06; p=0.1, 0=6=0.05 h=0.4, y=1.

Compared to the CIA model of the previous sectibis, general transaction costs model
avoids « bang-bang » solutions. In particular,dhtcal switch of public finance strategies for
the maximization of welfare relative to economiowth disappears. Furthermore, observe that,
for parameter values &igure 5 we obtain rather realistic values for the tax r@bout 0.4), the
money growth rate (about 0.05) and the related mizeid long-run growth rate (about 0.02).
Thus, the transaction cost model fits better th&a dlaan the CIA model concerning interior
solutions, although most of qualitative propertes similar.

To explain why an interior solution arises in tmansaction cost model, remark that
relations (22) and (13) differ in two ways. Fiste elasticity of the cost of financing investment
with respect to the money growth rate is lowerha transaction cost model, compared to the
CIA case (denominator of equations (13) and (23gcond, the elasticity of seigniorage
resources with respect to the money growth raédsis lower in the transaction cost model than
in the CIA case (nhumerator of equations (13) ar))(Zince money negatively depends on the
interest rate. The latter property gives rise te thterior solution, while the former is less
a(1-71)[T+gh(X - Y)](H)m

-0-p, with
1+¢X P

essential. Effectively, (22) can be rewrittenjas

)—1/(1+,1

X = (w+ p)"™* and Y = p(w+ p ). The termY roughly depicts the change in money

demand in the transaction cost model, relativénéoGIA model. IfY =0, one can easily verify

that only corner solutions occur. Thus, modifyihg tost of financing investment is insufficient
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to produce interior solutions; what is essentighis change in money demaiYd>0. Suppose
that money growth rate decreases gradually. InGh% case, at some instant, seigniorage
resources become low enough, so that the incomis-thre only admissible way of government
finance, to maximize growth. With an interest-atastoney demand, on the contrary, the more
money growth rate decreases, the more money demarehses. Thus, seigniorage resources
remain high enough not to be completely eliminatedm the trade-off with taxes.
Consequently, interior solutions emerge in thedaation cost model relative to the CIA case.

Of course, if seigniorage flight is high (high mgnaultiplier 1/h), the optimal trade-
off yields a corner solution with no seignioragdile for a low multiplier the optimal solution
is the corner solution without taxes (d&gure 6. However, for intermediate values bf, the

optimal strategy for government finance is a mikgen income taxation and seigniorage.

Figure 6a : Sensitivity Analysis (economic growth)
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For simulation valuesS=1, a =06; p=0.1, 0=6=0.05, y=1.
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These results can easily be interpreted. In firsdigcdeveloped countries, seigniorage
represents only a very small part of governmenvueses, and it is more efficient to finance
public spending exclusively by a flat tax rate smame. In our model, such countries must
optimally choose low-inflation monetary policiesydagovernment should mainly use income
taxation. In countries with narrow financial markedn the contrary, seigniorage is an essential
resource for public finance, and governments maiyr@ly choose “financial repression” as a
way of finance. Thus, our model may explain why sagovernments resort to seigniorage and
inflationary finance, and others rather to high-tates, as result of growth or welfare
maximizing strategies in different structural eowiments, notably concerning the financial

development level.
5. Empirical evidence

In this section, we propose several empirical figgi to better support our theoretical
results. We perform our analysis on a dataset & dvailable countries, with yearly data

covering the period 1975-2000. We use the realuilgmwth ratey, the tax rater (computed
as the ratio between fiscal revenues and outghe)ntoney growth rate. (changes in narrow

money, IFS line 34) and a variable for financiai/eiepmentﬁ, defined as the ratio of bank
deposits to outp@t All variables are from twdnternational Monetary FundIMF) datasets,
namelylnternational Financial StatisticHFS) andGovernment Finance Statisti(SFS).

According to our model, the public finance stamcgically depends on the financial
development level, as countries with a “high” (“l)Mevel of financial development use mainly
taxes (seigniorage). Thus, our theoretical modgipstts that financial development is
positively related to taxes and negatively reldtegeigniorage.

Let us first present some descriptive statistice ¥¥mpute average values for taxes,

seigniorage and financial development, for eacmtguover the period 1975-2000. Next, we
classify countries in three groups: “low” financiiévelopmentlﬁ < 022) countries, “medium”

financial development @23< h < 053) countries and “high” financial developmerﬁ $ 054)

countries?!

%0 The variableh lies between 0.1 and 1.65, and higher stands for higher financial development. Average
values over the 1975-2000 period lie between OntD0a91.

! These values are selected to match our empirgsllts in the estimated structural equation (23)vbeWe
obtain respectively 44 countries in the first grdlgw financial development), 51 in the second (medfinancial
development) and 15 countries in the third grouigh(tfinancial development). To check robustness, haee
considered different threshold values, without tidfgimg qualitative changes in our results.
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Figure 7 — The trade-off between taxes and seigg@maccording to financial developmdﬁt
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In line with our model, an important number of ctsies use mainly one instrument.

Countries with “low” financial development are mlgdbcated on the left side of the vertical

dotted line, with high seigniorage and low taxedjilev countries with “high” financial

development are mostly situated below the dottedzbwotal line, with high taxes and low

seigniorage. However, several countries with a ‘iom@d developed financial system present

fairly important levels of taxes and seignioragje in our transaction costs modelsafction 4

We next propose several simple cross-section reigmes

Figure 8 — Cross-section regressions between taagniorage and financial development
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Figure 8 confirms that the strategy that governments adopuilding public resources

crucially depends on the financial structure of édeenomy, since higher financial development

implies higher taxes and lower seigniordg@o investigate the significance of the tacatters

Table 2reports the result of several regressions closegare 8

22 To check robustness, we excluded monetary groatisrsuperior to 300%, as the negative relationesst
financial development and money growth rate is ewere robust, with the eliminated values included.
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Table 2 — The relation between financial developaeres and seigniorage

Dependent variable

Seigniorage [1] Taxes[2] Fin. Dvp. [3]
constant 0.223 (0.008) 0.173(0.004)  0.279 (0.017y
financial development -0.163 (0.017)  0.118 (0.009)
seigniorage -0.259 (0.027)
taxes 0.803 (0.067)
Observations 2349 1561 1534
Countries 108 108 108
Adjusted R? 0.0365 0.1074 0.1401
F Fisher 90.0 [0.00] 187.7 [0.00] 124.7 [0.00]

™ 1% significance; standard error in parenthesisalpevinto brackets

The coefficients of the first two regressions anelily) significant and in line with
results inFigure 8 In particular, even if we exclude seigniorageueal higher than one, the
negative correlation in [1] is still significantstrong. Regression [3] shows that seigniorage and
taxes are still significantly correlated with fircaal development, even when considered jointly.

Finally, we directly test a “structural” growth emiion. We log-linearize the rate of

economic growth in our transaction cost model {r@ea22), so that:

log(y+3J+p) =B, +Blog(1-1)+ B, log(r +gh( X = Y))+ B, log * 4 X)  (23)

v -1

with X =(w+ p)wx andY = p(w+ p)wu.
To test relation (23), we use a transformed véifdr financial development. Since our
theoretical variableh lies between 0 and 1 and is negativiahked to financial development,

we define: h=1-h/h™, with h™ the highest level of financial developmente.

h™ = 165.2% Thus, low financial development countri@i;: 0.1) will have ah value close to

zero, and high financial development countriEse(pproaching 1.65) will have la value close

to one, as in our theoretical model. Results ofesténation of (22) using annual data foy 7,

w and h are reported ifable 3

23 precisely, we must transforin in order toi) reduce it to the interva{IO;l] andii) inversely correlate it with the

financial development level. Results are unaltesd@n usingh EEXF{— ﬁ) or h El—log(1+ ﬁ) as shown in an
Appendixavailable on request.
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Table 3 — The relation between taxes, seignioragkgowth

log(growth)
B, -1.428 (0.0865
B 0.394 (0.109)
Ji 0.091 (0.032)
Bs -0.432 (0.193Y
Observations 1478
Countries 108
Adjusted R? 0.1693
F Fisher 143.7 [0.00]

™ 1% significance; standard error in parenthesisalpevinto brackets

For p=0.1, 0=005,6=0.05 =1

Remark first that all coefficients are significaamd their sign in line with our model

(positive for B, and S,, negative forf,). Using these coefficient§igure 9 below illustrates

the existence of an interior growth solution, watttive monetary and fiscal instruments:

Figure 9 — Empirical evidence of the existenceroirgerior financing solution
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Figure 9confirms both the existence of an interior growtkuson and the presence of
thresholds in taxes and money to growth relatiar. tRese parameters, we obtain an interior

solution foth[O.5;0.8]. These margins roughly correspond to the onesaleeted inFigure 7

namely ﬁD[022;053] after performing the transformation, and countriggh financial

development below (above) these values should ceenploeir financing strategy of taxes
(seigniorage) only. Notice also that the valuestlsd instruments associated with interior

solutions are quite similar ifkigure 7 and Figure 9 respectively. The major difference with
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respect to our theoretical results comes from tstmated optimal tax rate, whose value
corresponds to one half of its theoretical valgeaa@onsequence of the fact that data for the tax
rate lie between 0.01 and 0.49, with an avera@e2# and median at 0.20.

6. Concluding remarks

In this paper, we develop the Barro (1990) modehtmey financing as an alternative to
income taxation in government finance, in the spafi Palivos & Yip (1995), but with
endogenous productive public expenditures. WithAac@nstraint on consumption only, money
financing is always growth enhancing, since it doest distort the pattern of capital
accumulation. If all transactions (including invesht expenditures) are submitted to the CIA
constraint, on the contrary, both income taxatiod aeigniorage distort capital accumulation.
Since these two instruments provide resources fodyztive spending, our model exhibits
thresholds between economic growth and both monatad fiscal policies.

The presence of thresholds on both taxes and seag@ allows some interesting
comparisons between these two ways of governmeande. Specifically, to maximize growth
and/or welfare, some countries will use seignioragly, and others taxes only, depending on
the degree of financial development. Thus, our @Adel avoids the undesirable result of
Palivos & Yip (1995), where seigniorage-only is a8 the growth-maximizing strategy.
Furthermore, if this model is slightly modified ander to deal with transaction costs rather than
with a CIA constraint, we are able to derive intersolutions for the optimal policy mix, with
both seigniorage and tax rates, getting more teabstcomes.

Empirical findings enforce our theoretical conctuss and highlight the significance of
financial development for economic growth, in lingth previous empirical evidences. For
example, Fischer (1982) and Cukierngral. (1992) show that seigniorage revenues are of high
importance especially in developing countries. tdiaon, Giovannini & De Melo (1993)
exhibit a high positive correlation between seigage and financial repression, and suggest that
these two variables are complementary. Similarlpydet al. (1997) report a negative
correlation between inflation and indicators ofafntial development. Our model exhibits such a
negative correlation, but as a result of maximizigrpwth or welfare policies. Although
empirical evidence in the last section is still warude, it confirms the robustness of our

theoretical results, and highlights the need ahterempirical research.
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Appendix 1: Resolution of the CIA model

Let us write thesurrent Hamiltoniamas:
Ho=u(e)+ A (A-7) - c-7m= z+ N+ A ( =0 B+u( m e 2 J

where A, A, and i are the costate variables associated respectmiglym , k. and the CIA
constraint. Notice that the ratio betweem and A, defines the nominal interest rate:
R =4/ A,, as usual in CIA models. First order conditiors ar

lg  u(q)=A+u =2 (1+R) (Ala)
17, Ayl Ay =1+l Ay =1+ R (ALb)
Im A A= p+m -l Ay = pr, (Alc)
Ik Apl Ay =p+3-2,0-1)F' (k) Ay = p+-(1-7)f (k)/([L+ R) (Ald)

As usual with a CIA constraint on consumption, tfmgninal interest rate introduces a
wedge between the marginal utility of consumptior ghe shadow price of wealt@llt) in

(Ala). If >0, the rate of return of investment must also be tedldy the cost of financing
(1+¢R) in (Ald). In addition, the CIA constraint on inve®nt introduces a wedge between
the real return of wealth (the real interest ratan (Alc)) and the net return of investment
(1-7)f'(k)/(1+¢R)-J in (Ald)), since wealth does not allow acquiringpital goods
directly. Note that this wedge disappearsgi£0, as A, = A, in (Ald). Thus, the Keynes-
Ramsey relation ig, / ¢ = —S[/ilt A, + RI(1+ R)]

Goods market equilibrium yields th8 curve k/ k=(g/ K" “-(d K-( ¢ B-J, and
money market equilibrium providesih/m =w-7;. By differentiating (A4) and (AS5S) and
defining intensive variables, =c/k, g, =g/k andm =m/k=c, +(0((k/k)+ gk), we obtain

a reduced form of the representative agent progmaarfive equations for five variables system
(time indexes are hereafter omitted):

¢ /¢ =9r-p-RI+R)|-(g5* -c - g, - ) (A2a)
R=|(+R)(r +0)-alt-1)g |/ 9 (A2b)
g =79+ hwm (A2c)
ﬁ"k/nk:w"'r_R_gi_a"'gk"'Ck"'d (A2d)
m =g " +(1-9) G (A2e)

We find the steady-state endogenous growth solijoimposing¢, =m = g = R=0,
which implies constant,, m , g, and R values, so that initial variables ( k, g, m) grow

at the same constant rage while R, r and n are constant. In steady-state, system (A2) gives

rise to equations (7)-(8) of the main text. Notibat there are only “jump” variables in (A2),
thus our model lacks any transitional dynamfgspendix Sshows that the steady-state is stable.
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Appendix 2: Second order conditionsfor a maximum

A necessary condion for (F,@) to be an optimum 78

Ve (T, 0) .0 (T, @) —(y*,w(?,c?)))z > 0. First order conditions are:

y 20 (re)_l-r)r+ ha) a [[L-a)h(L+w+ p)-alr + ha)

- ™ (1+a)+,0)2 =0, and:

1-2a

. _0y (r,w) _ (r+hw) « [1-a)1-1)-alr +hw)

Ve or (1+w+p) =0

0y F.@)  (-7)\F+h@) o (2a-1)
Let us compute the second derivatives; = 4 > =~ —
ow (1+ W + p)
% [— — — P— ﬁ 2 * = = = = %
;= 0%y (7,@) =_(r +h:a)) " <0 and y:wza y (7. @) :_ah(r +:ha))
ar? L+ +p) AW (1+ @+ p)

h{1+@ + p)=(1-T), one can easily verify that:
207
(1-a) h(1—?){(? + hﬁ)lj}
<0

2 _ —
)) - (1+ o+ ,0)3
Thus, the(F,@) couple cannot be an optimum.

<0. Using

el

v, F.@)y,.7.@)- (/.

~|

Appendix 3: The model with transaction costs

With  transaction costs, the representative agentdgdéiu constraint is
k+m=(1-7)y-¢(¢+ z+ g M) y I kg m , replacing (4)-(5) in the main text.
CurrentHamiltonianand first order conditions are:

Ho=u(q)+A4[(1-7) f(k.a)-¢(c+ z+ o.M ¥ & 27 m kA, ( 20 )

lo  u(g)=A(1+y.y) (A3a)
Iz, A=A (1+4,y,) (A3b)
Im  AJA =p+m gy, =p+m-R=p-1 (A3c)
/kt /12'( /AZt = ,0+5—[(1— T) fk (kt ] gt):l/]lt //12t (A3d)

These relations have a standard interpretatipns the shadow price of wealth, which
differs from the shadow price of capit(alz) in equation (A3b), since investment expenditures

are subject to a transaction cosp,y, is the marginal transaction cost on investment
expenditures). Similarly, in equation (A3a), thergiaal utility of consumption has to be

()

ay

? We use the notationx = 0%, y
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distinguished from the shadow price of wealth, sitfeere is a transaction cost on consumption
expenditures (withy.y, the marginal transaction cost on consumption edip@res). Equation

(A3c) states that the marginal cost of money (tbminal interest rateR ) must equalizes its
marginal return €¢,.y,, since money economizes transaction costs).

Using ¢ = 8/ these first order conditions conduct to:

R =6(y, /m)"™* (Ada)

(@)= 1 9(R)S |= A, (adb)

A =pes- D '(k‘;,gt) (A4c)
1+¢(R)eau

It clearly appears that the CIA constraint is acsal case of the transaction technology
(21). Effectively, if 4 - o, theny, -~ m and ¢ - 1, and relations (A4b) and (A4c) become
(Alac) and (Ald) respectively, without any changgAlb) and (Alc). The advantage of the
transaction technology (21) is that it is more gaheand that it gives rise to an interest-elastic
money demand. Effectively, from (A4a), we obtaisimple usual form for money demand:

m =gy (R} = of ¥ R (#5)
Differentiating (A3a) and (A3b) we obtain the redddorm of the model:

& /¢, = Salt-r)a(R)g -5- p|- (gt - g ¢ - 9) (A6)
R/R=(1+p)r +5-a(-1)a(R)or” |/[uli- o(R))] (A7)

T =1
with q(R) = [1+¢( Fg)lw} . The money to capital ratio isn, = ¢ g, “ ( R=«, and we can find

the public spending to capital ratio in the goveenibudget constraintg, =7g,“ + hwm,

-1 1/a
namely: g, =[r+¢ha)( R)lw} . Differentiating this expression with respect itod, we get:
K
. _ o
S - 1 ALZS — R, and the real interest rate can be obtained fremtoney market
g a(l+y) T
T+ ghwR™*

equilibrium m/m=c«+r-R. Since: m /m =(1-a)y. /g, - R/[(1+ /J)R] =m/m-k/k, we
find: r=m/m+R-w=[1-a)g,/g, - R/[1+ )R]+ (g} -9, ~¢ -3)+R-w. One can
verify that the dynamic properties of the model archanged: we still obtain two positive
eigenvalues, so there are no transitory dynamics.

The long-run solution of the model can still beatdsed by two relations betwegn and

g, . The first relation is the Keynes-Ramsey relatiorequilibrium (R:O): y :S(r* —p),
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with: r" =a (1~ r)q(Fi )( g’;)l_” -d andR =w+r" -y =w+p-y (S-1)/S in steady-state.

*

u

1-a
(yg+5+,0J[1+¢(a)+s(y*))l+”j} . The second relation comes

Thus: g (y) = {a(l— 3

-1

1l/a
from the government budget constrairgj, :{r+¢ha)R“”} with R=w+p—(%_ljy in
1

1 a
steady-state, thusg’(y)=|7+ w+ 9y ))**# | , and we find the long-run solution by
d husg,’ gwh ) d find the | lution b

equalizing g;'(y) with g¢(y). The implicit relation defining long-run economgrowth
(equation (12) in the main text) is simply replaegth:

(1-a)la

(y* /S+5+ p)[1+¢1(w+ S(y*))ﬂ/(lw)} —a(1- T)[H% rw(a)+ %V*))_U(M)} (A8)

and we find (12) of the main textff —» o. If S=1, we get (22) in the text, and, using the same

reasoning as for the CIA case, we obtain an aalytbrm of ) in the general cas8# .1
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Technical Appendix (not for publication)
Appendix 4: A CIA constraint on consumption and investment only

In this Appendix, we introduce a more general ioerof the CIA constraint, namely:
c+fg+@z=m. The case f=¢ corresponds to the main text, while the ca8e=0

corresponds to a CIA constraint on consumption@ndte investment expenditures only, as in
Stockman (1981). This new constraint does not nydast order conditions, ag is exogenous

for households. Equation (7) is unchanged, but Boué8) becomes:

o - (7+hw) g7« = (1~ @) hew(y +0)
“ 1+(1- B) hw

(8)

If =0 and ¢=1, as in Stockman (1981), only the definition of {hablic spending

T+hw
1+ hw

la
ratio must be modifiedg, =( j , in place of (8), without change in qualitativeu#s.

One interesting situation is that described byveali& Yip (1995), namely a CIA
constraint on consumption and a part of privatestment: =0 and qu[O,]]. The long-run
economic growth rate is still obtained from (7) 489; but, in our setup witlproductivepublic
spending, it is rather difficult to derive firstasecond order conditions for the maximization of
economic growth. So, we have performed some nualegimulations. The main results are:

I) concerning long-run growth maximization, there asimterior maximum, all maxima are
corner solutions with only one active instrument,
i) when h =1, the maximizing-growth strategy is always a sagage only strategy, as in

Palivos & Yip (1995), whatever the value @f

iii) for 0<h<1, high (low) ¢ values conduct to taxes (seigniorage) only stiesecas
higher ¢ implies more distortion of seigniorage on privatgestment, making taxes
more attractive, while loweg implies less distortion, down to the limiting cage= 0

(CIA on consumption only, no distortion on capaatumulation),
iv) for O<g@<1, high (low) h values conduct to seigniorage (taxes) only strasegince
government is able to retrieve an important (a Brpalt of total seigniorage,

Comparing results ii), iii) and iv), we can seetthaefficient h in our model plays a
similar role as coefficientp in Palivos & Yip (1995) model. Furthermore, sintiee

maximizing-growth strategy wheh = (seigniorage only) is independent of the valuegof
(point ii), while the maximizing-growth strategy et ¢=1 depends on the value &f (point
iv), considering alternative values bfis more general than considering alternative valug.
This explains why we fixp=1 in the main text.

Appendix 5: Stability of the steady-state

To study transitory dynamics, we use the more ggrferm of the CIA constraint of
Appendix 4and we consider three cases: a CIA constrairooisumption onl)(ﬂ =@= O) , a

CIA constraint on consumption and private investiaty (,8 =0, = 1) and a constraint over
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consumption, private and public investmef =@=1). Let us bring the two latest cases
together, by studying the more general c,ﬁ’s@[O;L] and¢g=1

The casef=¢ =0

The reduced form of the model can be written in difterential equations irg, andR:

o hwm(cu+ r- R—( d-a- rrg—é))
%= 1-7(1-a)g.”

(1+R)
S

R=

[S(r-p)+ R r-w]

Since investment is not affected by the CIA comstrdhe real interest rate equals the
marginal product of capitak = a(l— r)g,ﬁ’” -9, and we find the money to capital ratio in the

government budget constrainm, = (gk —Igf”)/(ha)). The Jacobianmatrix evaluated in the
neighborhood of the steady-state val(g{,s R*) is:

M’ (ha)r;k +M*gk) M
= hwM M,
(07 1+R
S S
with: fy, Edd?r=a(1—a)(1— r)(g;)_a >0, M =g, —r(g*k)l_” = hwé, >0 and
k
. _dMm aa . M
M, =—=1-1(1- —>0.
L= gy =ra)(e) >
The Trace of J is obviously positive and its Determinant is:

Det = Skl/lj\/l* [(hcur;k + M;k)—ha)(S—l)zr;k +R (haI;k +M, )] which is positive if S is not

Gk
“very high”, namely S< 'S, which we suppose (notice th&>2). This means that both
eigenvalues are positive. Ag, and R are jump variables, Blanchard-Kahn conditions ympl
that there are no transitional dynamics and that ébonomy jumps from a steady-state to
another following any impulse on parameters.

The casef U [0;1] and¢ =1

In this case, the reduced form can be expressedamd R :

%=8(r—p—1FRj—(gi‘”- 9.~ G-9)
R=(1+R(r+0)-a(1-7) &~
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This time, the government constraint together whi CIA constraint provide the public

spending to capital ratiog, :(W

comes from money equilibriurr(m/m= w+r - R). Since m =g —(1—,8) g and g, is

constant, we haveh/ m= k/ kandr = (gﬁ“’ -0,-C.— 5) + R—w. TheJacobianmatrix is:

la
+ L .
r+hw )] , which is a constant. The real interest rate

) c;S(F+5)

3= & 1R
—-(1+R) 1+ R+f+0
(1+R)

The Traceof J is positive and itDeterminantis: Det=c, [1+ w+(1- S)(y* +p+ 5)]

with ) the steady-state growth rate. As before, we suppag S< S, with S> 2, with S the
highest elasticity of substitution so that the deiaant is positive. As in the previous case, both
eigenvalues are positive and there are no transitidynamics, sincee, and R are jump
variables. Notice that dynamics is qualitativelyaffacted by the value of .
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